This completes the proof of the Wightman axioms for such theories.
This paper is a contribution to the P(o)2 quantum field theory whose foundations have been presented by Glimm-Jaffe [3] and others (see [4] , [5] , [15] for reviews of results and a guide to the literature).
It is a development in the program proposed and initiated by Guerra, Rosen and Simon [7] of using statistical mechanical methods in constructive field theory. This program, in turn, is an offshoot of the introduction of Euclidean techniques and probability ideas in field theory by Symanzik [191 and Nelson [10] .
In order to describe our main result, we recall the definition of halfDirichlet states [7] . Throughout this paper, we only deal with half-Dirichlet states and fields, so we do not add a superscript "D" as was done in [7] . We also fix a bare mass, m, throughout. Given a bounded open region A c R2, we write -A, for the Dirichlet boundary condition Laplacian on L2(A, d2x), i.e. the Friedrichs extension of -A on CO(A). HL(A) denotes the completion of L2(A) in norm <., (-, + n2)'.>12* The free Dirichlet theory in region A is the Gaussian random field over HL(A) with mean zero and covariance matrix:
We will denote the expectation value with respect to this Gaussian measure by K. >O,. If P is a semi-bounded polynomial, the expectation value
where U(g) = g(x): P(O(x)): dx and where XA is the characteristic function * A. SLOAN FELLOW of A, defines the interaction field in region A with Dirichlet boundary conditions.
Here : denotes ,a0 (free) Wick ordering; hence the term half-Dirichlet. If the polynomial P intended is clear, we write < >,.
The importance of half-Dirichlet states was pointed out by Nelson [121 who noted that monotonicity of the Schwinger functions resulted. Bounds allowing the convergence of the Schwinger functions are due to Guerra et al. [7] and Fr6hlich [2] . The existence of a half-Dirichlet transfer matrix [17] then implies convergence of the Wightman functions. One therefore has (see e.g. [17] for details):
THEOREM. Let P(X) = Q(X) -"X where Q is an even semibounded polynomial. Iff1, *.., f,, are functions in C-(R2) with disjoint supports, then limAoo <(fl) ... *5(fn)>PA exists and is the (smeared) Schwinger function of a theory obeying all the Wightman axioms except possibly uniqueness of the vacuum.
The basic inequality of Nelson is the following consequence of the second Griffiths inequality [7] : One handles the case [t < 0 by using (2) <O(f1) ... 0(fn)>Q+xA = (-1)' < A(f1) ... 0(fXQ-J1XA We write < > for the infinite volume expectation values. Our goal in this paper is to prove: THEOREM. Let P(X) = aX4 + bX2 -aX where a > 0 and #u + 0. Then the Wightman theory defined by < > possesses a unique vacuum.
Remarks 1. This completes the proof of the Wightman axioms for a class of P(5)2 theories without any restriction on the magnitude of the overall coupling constant. For small coupling constant (high temperature in the statistical mechanical picture) and arbitrary semibounded polynomial, the uniqueness of the vacuum has already been proved by Glimm-Jaffe-Spencer [6] .
2. Our theorem is motivated by a result of Lebowitz and Penrose [9] who prove exponential falloff of truncated correlation functions for finiterange, pair-coupled Ising ferromagnets at non-zero magnetic field. We do not see how to mimic their proof which depends on a Mayer expansion since this expansion relies on the boundedness and discreteness of Ising spins. The use of the Lee-Yang zero theorem to control truncated vacuum expectation values was suggested by another argument in [9] .
3. We expect that < >p . possesses a mass gap under the hypotheses of the theorem.* 4. This theorem is "predicted" by the "conventional wisdom" model of [20] , [18] .
5. By equation (2) we need only consider the case ,e> 0. 6. Without a priori knowledge of uniqueness of the vacuum in < >a, one could construct theories with unique vacuum by a decomposition procedure applied to < > . See [1] .
The proof of this theorem uses many of the techniques recently developed in the statistical mechanical approach to P(5)2 [7] , [12] , [16] , [18] . The basic idea is very simple.
On the one hand, we will show, using FKG inequalities (indirectly) and the "transfer matrix", that if <a >O. does not have a unique vacuum, then Remarks 1. This result holds in any scalar theory obeying the Osterwalder-Schrader axioms [13] without necessarily having unique vacuum.
2. A proof can also be based on the Kiillen-Lehmann representation [14] .
Proof. That the truncated two-point function only depends on I x -y I is a consequence of Euclidean invariance. Real analyticity is a consequence of the fact that the non-coincident points in the Euclidean region lie in the permuted extended forward tube [13] . Pick g e CW(R2) with support in {<a, t> I t < 0}. Let g8(a, t) = g(a, s -t). Then, there is a vector, A, in the physical Hilbert space so that as s -a .oo Taking g -a and using the fact that the resulting convergence is uniform for s e [1, oo), we see that the limit is 0. Conversely, if the limit is 0, then <im8 b g)0()T = for any g e C-with support in (<a, t> I t<O}.
It follows from the FGK inequalities [7] that < >OO has a unique vacuum (this is the main theorem, Theorem 6, of [16] ). The second statement follows from the first and Lemma 1.
LI This proves (3).
The basic estimate going into the proof of equation (4) 
K))(X~a))X(XXa)>T,
Let Al(k) be the square of side kNO + 2a centered at the origin. Al(k) can be decomposed into a "corridor" of width a about its boundary and k2 squares Aap each with side lo, mutually disjoint, and so that each obeys the geometric condition required for (7) 
I1
Our theorem follows directly from Lemmas 2 and 4.
with support in the neighborhood (M-_ )( fd2X) < <0W > P A <_ M fd2x) 2. It must be true that x <-K(x)>p,, is continuous, in which case (7) holds pointwise and our proof below can be made less wordy. 3 . By equation (2), if , < 0, the proposition holds if <qO(x)>p,, is replaced by< -O(x)>P,A in equation (7) and in the definition of M.
Proof. Let S be the unit square centered at the origin. Let A,, be a square centered at the origin of side r > 1 so that
Let n be a positive integer. Since S is the disjoint union of n2 squares of side 1/n, we can find some square, So, of side 1/n so that if suppf c S, and f > 0. Pick a = (r + 2V/2). Given any x and A with x e Ay dist (x, aA) > a, we can fit the square A' of side (r + 2) and center x inside A. (7) follows from equations (1) Remarks 1. The existence of the limit on the left is proved in [7] . 2. Consider the following four meanings of "dynamical instability" in the Q(0)2 theory: 
